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ABSTRACT

Stratified inverse random sampling (SIRS) is an effective technique for studying rare populations, as it guarantees a
pre-specified number of interested units within each stratum. Although ratio estimation has been extensively studied
under various sampling designs, its application under SIRS remains largely unexplored. This study addresses this gap by
developing two novel ratio estimators for the population mean under SIRS: the separate ratio estimator and the combined
ratio estimator. The contributions of this work are threefold. First, first-order approximations for the bias and mean squared
error (MSE) of each estimator are rigorously derived using Taylor series expansions under large-sample assumptions,
and consistent sample-based estimators of the MSE are developed. Second, analytical conditions, expressed in terms
of population parameters, are established under which the proposed estimators outperform the conventional unbiased
estimator. Third, an extensive Monte Carlo simulation study with 50,000 replications is conducted to assess finite-sample
performance. The simulation results demonstrate that the separate ratio estimator consistently attains the smallest MSE
across all scenarios, achieving efficiency gains of up to 108.9% relative to the unbiased estimator. Moreover, all proposed
estimators exhibit a decrease in absolute bias, MSE, skewness, and kurtosis as the pre-specified number of interested units
in the sample increases.
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ABSTRAK

Pensampelan rawak songsang berstrata (SIRS) merupakan teknik yang berkesan untuk mengkaji populasi yang jarang
ditemui kerana ia menjamin bilangan unit yang berminat yang telah ditentukan terlebih dahulu dalam setiap stratum.
Walaupun anggaran nisbah telah dikaji secara meluas di bawah pelbagai reka bentuk pensampelan, aplikasinya di bawah
SIRS masih belum diterokai sepenuhnya. Kajian ini menangani jurang ini dengan membangunkan dua penganggar
nisbah baharu untuk min populasi di bawah SIRS: penganggar nisbah berasingan dan penganggar nisbah gabungan.
Sumbangan kerja ini adalah tiga kali ganda. Pertama, anggaran tertib pertama untuk bias dan ralat kuasa dua min (MSE)
bagi setiap penganggar diterbitkan secara teliti menggunakan pengembangan siri Taylor di bawah andaian sampel besar
dan penganggar berasaskan sampel yang tekal bagi MSE dibangunkan. Kedua, keadaan analitikal yang dinyatakan dalam
bentuk parameter populasi diwujudkan dengan penganggar yang dicadangkan mengatasi penganggar tidak berat sebelah
konvensional. Ketiga, kajian simulasi Monte Carlo yang meluas dengan 50,000 ulangan dijalankan untuk menilai prestasi
sampel terhingga. Keputusan simulasi menunjukkan bahawa penganggar nisbah berasingan secara tekal mencapai MSE
terkecil merentasi semua senario, mencapai peningkatan kecekapan sehingga 108.9% berbanding dengan penganggar
tidak berat sebelah. Selain itu, semua penganggar yang dicadangkan menunjukkan penurunan dalam bias mutlak, MSE,
kecondongan dan kurtosis apabila bilangan unit yang berminat yang telah ditentukan dalam sampel meningkat.

Kata kunci: Bias; penganggar nisbah berasingan; penganggar nisbah gabungan; populasi yang jarang berlaku; ralat min
kuasa dua

INTRODUCTION

A primary concern in sample survey design is the
difficulty of obtaining accurate parameter estimates
for rare populations, particularly when the number of
units of interest is limited. Under fixed-size sampling
designs, low-prevalence phenomena - such as rare disease
cases, endangered species sightings, or off-season crop

failures - often result in samples that contain no units of
interest, yielding parameter estimates of zero. Inverse
sampling, which involves sequential sampling until a
pre-specified number of interested units is observed, was
introduced to overcome this limitation by guaranteeing
the inclusion of a fixed number of units of interest in the
sample.
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Haldane (1945) was the first to derive an unbiased
estimator of the population proportion under simple
inverse random sampling with replacement. Finney
(1949) subsequently proposed an unbiased estimator for
the variance of Haldane’s estimator. Salehi and Seber
(2001) derived unbiased estimators for both the population
mean and its variance under inverse sampling without
replacement, a design referred to as inverse random
sampling.

Christman and Lan (2001) integrated inverse
sampling with adaptive cluster sampling by proposing
three stopping rules based on the count of interested
units, yielding an unbiased estimator of the population
total; however, variance estimation was not addressed.
Salehi and Seber (2001) extended inverse sampling to
general adaptive cluster sampling, proposing unbiased
estimators for the population total and its variance under
sampling without replacement. A common feature of these
methods is their reliance on equal-probability sampling.
However, it is well established that estimator efficiency
can be substantially enhanced through the incorporation of
auxiliary information. Greco and Naddeo (2007) extended
inverse sampling theory to designs with unequal selection
probabilities and replacement, deriving unbiased estimators
for the population total and its variance.

The precision of population parameter estimates can
be substantially improved by incorporating an auxiliary
variable that is strongly correlated with the study variable.
In such cases, the ratio estimator is a widely used tool for
improving efficiency relative to the standard unbiased
estimator. Murthy (1967) demonstrated that under simple
random sampling, the ratio estimator outperforms the
unbiased estimator when a common condition is satisfied.
Building on this principle, Sisodia and Dwivedi (1981)
introduced a modified ratio estimator for settings where
the coefficient of variation of the auxiliary variable is
known. Subsequent developments in ratio estimation under
simple random sampling include Kadilar and Cingi (2004),
Subramani (2013), and Singh and Nigam (2020), each
proposing modifications to improve estimator efficiency
under varying conditions.

Within the inverse sampling framework, Sungsuwan
and Suwattee (2014) introduced a model-assisted estimator
for the population total under inverse random sampling,
demonstrating substantial efficiency gains over the
unbiased estimator when the auxiliary and study variables
are strongly correlated. More recently, Sangngam and
Laoarun (2025) proposed design-based ratio estimators for
the population mean under inverse random sampling and
found that these ratio estimators can be more efficient than
the conventional unbiased estimator.

Analternative and complementary strategy for variance
reduction is stratification. Stratified sampling is among the
most effective design-based methods for variance reduction
in surveys (Cochran 1977), achieved by partitioning the
population into internally homogeneous strata. Sangngam

and Suwattee (2012) combined stratification with inverse
sampling to develop stratified inverse random sampling
(SIRS), in which sampling proceeds independently within
each stratum until a predetermined number of interested
units is obtained. They derived an unbiased estimator for
the population mean using Murthy’s estimator, applicable
to both equal-probability and probability-proportional-
to-size (PPS) schemes. This design guarantees adequate
representation of rare units and reduces between-stratum
variance. However, a key limitation of the existing SIRS
framework is its inability to incorporate continuous
auxiliary information at the estimation stage - a gap that
motivates the present work.

This paper addresses this methodological gap by
proposing and evaluating two novel ratio estimators for the
population mean under SIRS: A separate ratio estimator
and a combined ratio estimator. We derive first-order
approximations to the bias and mean squared error (MSE)
of each estimator under the assumption that sample sizes
within strata are sufficiently large. Consistent, sample-
based MSE estimators are also constructed. Furthermore,
we establish explicit analytical conditions under which
each proposed estimator achieves a lower MSE than the
conventional unbiased estimator, providing theoretically
grounded guidance for practical application. Finally, we
conduct a Monte Carlo simulation study with 50,000
replications to assess finite-sample performance, providing
quantitative comparisons of biases and MSEs across
various estimators and sample size configurations.

MATERIALS AND METHODS

ESTIMATORS UNDER INVERSE RANDOM SAMPLING

Consider a finite population of N distinct units, indexed by
i=1,2,.., N. For each unit i, let y; denoted the value of
study variable and x; be the value of an auxiliary variable.
The parameter of interest is the population mean, defined
as:
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The population is partitioned into two disjoint classes,
C and C’, based on whether the study variable, y,, satisfies
a given condition. A typical condition takes the form
i > ¢, where ¢ is a predetermined constant. The class C
consists of all units for which the condition holds, while C’
comprises the remaining units. The sizes of classes C and
C'are denoted by M and N — M, respectively.

Under an inverse random sampling design, units are
drawn sequentially with equal probability and without
replacement until a predetermined number, 7, of units from
class C are included in the sample. The final sample size,
denoted by n, is therefore a random variable. The resulting
sample, s, consists of two disjoint subsets: Sc, the set of m



units from C, and S, the set of n - m units from C’. Salehi
and Seber (2001) showed that an unbiased estimator for the
population mean, ¥, under this design is given by

¥y =P +(1-P) 7., (1)

where P =

zylaandyc __zyl
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The variance of y, is given by

O =L L = X
where V (P) is the variance of estimator P for estimating the

opulation proportion P, S2. S, =
pp1 prop ! Mlgy,,yc NMlgyp
Zy, and % =

An ‘unbiased estimator of the variance (2) is given by
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By replacing the study variable y with the auxiliary
variable x in the preceding formulas, analogous notations
for auxiliary variable can be derived. The ratio estimator
for the population mean, ¥, under the inverse random
sampling design, as proposed by Sangngam and Laoarun
(2025), is given by:

Yr=—"" 3)

where X, is the unbiased estimator of the population mean
X

The bias and MSE approximations that follow are
derived using a first-order Taylor series expansion. This
approach is valid under the assumption that the sample
sizes are sufficiently large so that higher-order terms are
negligible. The bias of ratio estimator is approximated as
follows:

B(7) =3[RV (5)-Cov(7®)) @

The approximated mean squared error of the estimator
V1S expresses as:

MSE(3,)=V (3, )+ RV (%,)-2RCov(¥,,%, )» (5)

where R =

><\\ ~i
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and Sxye = mZ(J’, 7o) (x - X))
A consistent estimator for the MSE in (5), denoted by
MSE(7,), was introduced by Sangngam and Laoarun (2025) as
follows:

MSE (7,) =V (3, )+ RV (%)~ 2RCov(7,,,%, )»

Yy = —p(a Sac( s Mg
where R :x_ , Cov(3,,%,) = (ycfyc,)(xcfxc,)V(P)Jr%(P 7%PJ

+~§X,@[ﬁ(l_ﬁ)%l_ﬁ)[}(ﬁ)} swcz%Z(xi_fc)(y‘_j’c) and

m-1 N n—m m

" LS (%) (-7,

Sy = 1
n—m-—1lc.

is an unbiased estimator of Cov(¥,,%; ).

iesc

) The estimator Cov(7,,%,)

AN UNBIASED ESTIMATOR UNDER SISR

Let the population be stratified into L non-overlapping
strata. The h th stratum, for 2 = 1,2,..., L contains NN, units

where N = ZN Let y;; be the value of study variable for
the i-th unit in the h-th stratum. The population mean of
the study variable in the A-th stratum is represented by

th, Within each stratum, the units are portioned
mto two mutually exclusive subsets, C, and C',, according
to a criterion defined on the study variable y;,. This criterion
often takes the form of a threshold comparison, such as yj,
> ¢ for a predetermined value of c. Subsequently, C, is
composed of all units that meet the criterion, whereas C’,
contains all units that do not. The size of subsets C, and C’,
are denoted by M, and N, - %, respectively. The population

mean can be written as, ¥ = ) W,¥, where W, =—=.

The sampling design involves applying inverse random
sampling independently within each stratum 4. Specifically,
units are drawn sequentially without replacement until
exactly m, units from class C, are obtained, where m;, is a
pre-specified number. This overall procedure is known as
stratified inverse random sampling.

For each stratum, the resulting sample, denoted by
s, = {ihl,ihz,---,ihnh }, has a random sample size n,. This
sample can be partitioned into two disjoint subsets: Sc;, ,
which consists of the m;, units drawn from class Cj,, and
Scn, which consists of 7, - m;, units drawn from class C',.
Consequently, the sample is the union of these two subsets,
Sw = Sen U Sey, where S¢;, M Sey, =D, The total sample

size "= Z"h is also a random variable.

Under stratified inverse random sampling, Sangngam
and Suwatte (2012) showed that an unbiased estimator of
Y is given by

L A~ ~
=W B Fa+(1-B) 7, | = ZWhyW (6)
h=1

where 3, =B, yg, +(1=F) Ve H="""7

m,

r Yo = Z Vi
nh
and Yen =

m, iescy

2. ¥ The variance of 7, is

h hiEscy,
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$=———3(1,-%,). An unblased estimator of the variance
NI thl Ch
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This paper employs the SIRS framework to construct
two proposed ratio estimators and to derive their biases and
MSEs.

RESULTS

PROPOSED ESTIMATORS

Under SIRS, two ratio estimators for the population
mean, Y are proposed. Both estimators leverage the strong
positive correlation between the study variable and the
auxiliary variable. However, they require different levels
of auxiliary information: the first estimator assumes that
the stratum-specific population means X, to be known for
all strata, whereas the second estimator requires only the
overall population mean X is known.

The first estimator, known as the separate ratio
estimator, involves calculating a distinct ratio estimate for
the population mean within each stratum. Subsequently,
an overall estimate for the population mean is obtained
by taking a weighted sum of these individual stratum
estimates. A stratum 4 contains N, units with observations
(x,» ) where h=12,..., Land i = 1,2,..., N,. By replacing
the study value y,, with the auxiliary value x;;, we can derive
the analogous formula of auxiliary variable required for
the proposed ratio estimators. If y;,, x,,, are the unbiased
estlmates of the stratum means in the A-th stratum, the

X, :72)% is the stratum mean of the x;, the proposed
separate ratio estimate y, is

L —
yRS:ZVVh@Xh’ 7
n=l Xy

Where M=t u=BFa+(1-B)Fa, b= ':":II,M w2 and
Yer = Z v. The symbols associated with the auxﬂlary
Varlable x are defined in the same manner as those corresponding

to the study variable y.
This estimator does not presuppose the homogeneity of true
ratios across strata. Nevertheless, the computation of the estimate

depends on the availability of the stratum means for the auxiliary
variable.

To derive the MSE and bias of the proposed separated ratio
estimator, we apply the expressions for the MSE and bias of the
estimator Vu ,7}( under inverse random sampling, where units
are drawn 1ndependently within each stratum. The resulting
expressions are given as follows:

B (yRS) E _RS) Y

[y Iny ]

h=1 Xun

WY,

L
=1
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1
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M- 5

=
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W, )%/, [RV (%)~ Cov(Fy- X ) ], (8)

=
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MSE () ZW MSE (7y,)

h=1
:Z [ YM +R V(xbh) 2R11C0v(yL’h’fUh )}5 (9)

where Cov(yl/h’fb'h):(?ch _Y("h)()?ch _X("h)V(é1)+ 1-2 ]%E(ﬁhz)
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,I‘Zmym’sfm N, Milz% [« sz/ri Yo =

and 7(4) is the variance of estimator P, for estimating the
parameter £, = %

The validity of the formula (8) and (9) are conditional
upon a sufficiently large sample size within each stratum,
which ensures the reliability of the approximate bias and
MSE. This limitation is a critical consideration for practical
applications.

For estimating MSE(y,,), we substitute the sample-based
estimates in to (9) as

MSE(5) = 02 [P () R (%) ~2R,Co (5.5, 5 (10)

=

X (5= o) (0 =T )

An alternative estimator is derived using a single
combined ratio. Based on the sample data, the proposed
combined ratio estimator is given by

andS ,

ny—my—1.5

\‘m
I

Ve =

(11)

=



The computation of this estimate requires knowledge
of the overall population mean of auxiliary variable (X),
rather than the individual stratum means (X,).

To obtain the MSE and bias of proposed combined ratio
estimator, let ¢ =2 and ., -%Z-* It may be noted that
E(e)) =

7 2 TR _ M
0, E(e,) = O,E(ef):%, E(E;)=% and (e, -S2Uz%)

Y X
The estimator 7, can be written as v, =¥ (1+¢)(1+e,) . Using
Taylor series expansion,

(1+e2)71 =(l-e,+e—...)
We assume that the sample size is large enough to ensure
that the relative errors e, and e, sufficiently small. The first-
order Taylor series expansion is (1+¢,)” = (1—e, +¢2). We
obtain that

When the terms with degree greater than two are ignored,
we get

1 _ R
= §|:RV(XXZ)*C0V()/S,7XH)]’

(12)

where r-L. Since the units are drawn independently
within eacﬁ(stratum the covariance of X, and y,, is given
by

L
Z thcov(ywvxw,)
h=

By ignoring terms of degree greater than two, the
approximate mean squared error (MSE) of the proposed
combined ratio estimator is obtained as

MSE () :E (Fre = Y)Z
~ YZE(e]2 +é; —elez)
. [Vmu(m

X? YX

5 Cov(F% ,)}

Y?
=V (3,)+RV(X,)-2RCov(¥,.X,) (13)

For sample estimate of the MSE(y,.), we substitute the
sample-based estimates of R, V(7,), ¥ (X, ) and Cov(¥,,%, )
into (13). The estimate of the MSE(7,.) is given by
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COMPARISON OF THE EFFICIENCY

The performance of the proposed ratio estimators
is investigated in this section, benchmarked against
established unbiased estimators in the context of stratified
inverse random sampling. Initially, the proposed separate
ratio estimator is compared with the conventional unbiased
estimator. The condition under which the proposed
estimator is more efficient is given as follows:

MSE (5,0 < V 5., L
ZW ‘: Yun +R2V(7sz)_2R Cov(yz/h’fvh)}sZthV(yUh)’
=

h=1
L
1
ZEW;RﬁV th ZW COV wath)

h=1

The proposed separate ratio estimator achieves higher
efficiency than the unbiased estimator provided that all
three conditions listed below are met:

oo o V(v v V(v 5

ERh(XCh_XC'h) S( o~ C'h)(XCh_XC'h)’ (14)
R SXCh < SXYCh’ (15)

and %Rhs)z((,"h <8 vy for all stratum 4. (16)

Next, the proposed combined ratio estimator is
evaluated against the conventional unbiased estimator. The
proposed estimator is more efficient under the following
condition:

MSE (7,0 < V (7). L
ZW [ J/uh +R V(xbh) 2RC0V(.VL%"YU11)]SZVVhZV(}jL‘h),
l h=1

and ¥ W2RV ( e for all stratum #4.

z xLI ; ov y Th> )

The proposed combined ratio estimator outperforms
the unbiased estimator in terms of efficiency, provided that
the following three conditions are satisfied:

1

ER(XUV_XCW)ZS(?(Th_zh)()?('h XU') (17)
SRS < S (18)
and %Rs;ﬂ, < Syes, for all stratum 4. (19)

Finally, the proposed separate ratio estimator is
compared with the combined ratio estimator, proving to be
more efficient when the following condition is satisfied:
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MSE(rc) = MSE(gc),
ZWZ[R V(%)= 2R,Cov (¥ X)) ] ZW [R V(%)- ZRCov(yM,xM)]

ZWZ [(R: - RV (%) ~2(R, — R) Cov(5,,. ) | <0

L

(R = RYV (%) + 2(R=R,)[Cov (7,5, )~ R (%) 0. (20)

h=1

Unless the ratio R, remains constant across strata, the
use of a proposed separate ratio estimator in each stratum
is likely to be more precise, provided the sample size
per stratum is sufficiently large such that the MSE(Vy)
approximation is valid and the cumulative bias B(¥yg) is
negligible.

SIMULATION STUDY

In this section, the simulated x-values and y-values from
Chao (2004) were examined. To avoid a zero sample mean
for the auxiliary variable in class C’, each auxiliary value
was increased by one. The simulation dataset, consisting
of 400 units (20x20), was divided into four strata of equal
size. Each stratum comprised 100 units (20x5), formed
from 20 rows and 5 columns. The population mean of
the y-values was ¥ = 0.635, the population mean of the
x-values was X = 0.490, and the population ratio was
R = 0.412. The population is visually represented in
Figures 1 and 2, respectively.

A simulation study was conducted to compare the
properties of the proposed ratio estimators against the
conventional unbiased estimator. The condition y;; > Owas
used to classify units into class C, or C',, where = 1,2,3,4
and i = 1,2,...,100. A stratified inverse random sampling
scheme was employed for sample selection, where the
target number of units of interest in stratum /4 was set to 3,
4,5, 6,7 and 8. The simulation study was conducted using
50,000 replications. In each replication, the population
mean (¥) was estimated. The resulting estimates 7’s and
the final sample sizes n’s was then averaged across all
replications. These averages served as appr0x1mat10ns for
their respectlve expected values, namely £(7)= 5. 1000 Zy
and £(n)= 30,000 Z .. The performance of the estimators
was then evaluated by comparing their estimated Bias and
MSE.

The estimated Bias is given by: 7(’):5071)00 27

The estimated MSE is given by: use(v)-

1 o000

)
50,000 < Y .

The relative efficiency (RE) of the proposed estimators
is evaluated relative to the conventional unbiased estimator,
computed as the ratio of their mean squared errors (MSEs)
and defined as z()- MSS‘Z ((,})

Arelative efficiency greater than one, %%, indicates
that y is more efficient than y,. To prov1de a visual
representation of the sampling distributions, the case
where my, =4 and m;, = 6 were selected for detailed analysis.
Figures 3 to 8 illustrate the histograms generated from the

estimates of the three respective estimators. Furthermore,

the skewness and kurtosis coefficients for each distribution
are reported accompanied by its histogram. These
summary measures provide quantitative evidence on the
shape characteristics of the distributions, supporting the
assessment of the estimators’ behavior under repeated
sampling.

Table 1 presents the average sample sizes per stratum
across all configurations. Stratum 3 consistently yields
the largest average sample size, followed by strata 1, 4,
and 2, respectively, while stratum 2 exhibits the smallest
average sample size. Given equal stratum sizes N,, this
pattern reflects the inverse relationship between the
average sample size and the number of interested units
M, in each stratum. The strata with a lower prevalence of
units of interest require a larger expected number of draws
to achieve the target number of interested units m;. As
expected, the average sample size increases monotonically
with my, for all strata, confirming the theoretical property of
the SIRS design.

Table 2 summarizes the average estimates and
approximate bias for all three estimators across all
configurations. The average estimates from the unbiased
estimator y,, are consistently closest to the true population
mea (¥ = 0.635), thereby verifying its property of
unbiasedness. In each situation, the bias size of the
proposed separate ratio estimator y, is higher than that of
the proposed combined ratio estimator. When the number
of interested units in sample m, increases, the bias sizes of
the two ratio estimators decrease, confirming that bias is
controlled by increasing the number of interested units in
the sample.

Table 3 presents the MSE and relative efficiency of the
three estimators. For all three estimators, the MSE values
decrease monotonically as the pre-specified number of
interested units m;, increases, demonstrating that estimation
precision improves with a larger sample size - a result
consistent with the theoretical MSE expressions derived
in equations (9) and (13). Across all configurations, a
consistent hierarchy is observed: ., achieves the lowest
MSE, followed by y,., with y,, exhibiting the highest MSE.
In terms of relative efficiency, the results show that RE (7,.)
ranges from 1.353 to 1.563, representing a 35.3% to 56.3%
gain in statistical efficiency. More substantially, RE ()
ranges from 1.586 to 2.089, representing a 58.6% to 108.9%
gain in statistical efficiency. These quantitative comparisons
demonstrate the considerable practical advantage of the
proposed separate ratio estimator. Furthermore, the relative
efficiency of both proposed estimators decreases as m;,
increases. This pattern indicates that while larger sample
sizes improve the absolute precision of all estimators, the
relative advantage of the ratio estimators over the unbiased
estimator diminishes with increasing m,.

Figures 3-8 display the histograms of the three
estimators for m,, = 3 and m,, = 8. The skewness and kurtosis
coefficients accompanying each histogram provide
quantitative evidence on the distributional shape of the
estimators under repeated sampling. The distributions of
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FIGURE 2. The values of study variable y
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TABLE 1. Average sample sizes

my, My, My, Ny E(nl) E(nz) E(n3) E~'(n4)
3,3,3,3 27.520 17.843 33.609 11.648
4,4,4,4 36.748 23.725 44.959 15.527
5,5,5,5 45.878 29.644 56.127 19.372
6,6,6,6 55.055 35.607 67.321 23.300
7,7,1,7 64.296 41.562 78.488 27.220
8,8,8,8 73.419 47.529 89.800 31.075

TABLE 2. Average estimates, and approximate bias of proposed ratio estimators

m, m,, ms, m, E~(.)7st) E@RC) E@Rs) g(ch) E@Rs)
3,3,3,3 0.620 0.594 0.554 -0.041 -0.081
4,444 0.632 0.612 0.581 -0.023 -0.054
5,5,5,5 0.634 0.619 0.595 -0.016 -0.040
6,6,0,6 0.635 0.623 0.604 -0.012 -0.031
7,1,1,7 0.636 0.627 0.612 -0.008 -0.023
8.,8,8,8 0.635 0.628 0.617 -0.007 -0.018

TABLE 3. Comparison of approximate mean squared errors (MSEs) for the estimators

My, Moy My My NMSE(,) MSE@rc) MSEGrs) RE@G.) RE[,) RE(F,,)
3,3,3,3 0.211 0.135 0.101 1.000 1.563 2.089
4,4.4,4 0.145 0.096 0.075 1.000 1.510 1.933
5,5,5,5 0.104 0.071 0.057 1.000 1.465 1.825
6,6,6,6 0.078 0.055 0.045 1.000 1.418 1.733
7,1,7,7 0.060 0.043 0.036 1.000 1.395 1.667
8,8,8,8 0.046 0.034 0.029 1.000 1.353 1.586
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FIGURE 3. The histogram of y, with m, =m, =my;=m, =4
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FIGURE 4. The histogram of y, with m, =m, =m,=m, =4
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FIGURE 5. The histogram of y,, with m, =m, =m; =m, =4
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FIGURE 6. The histrogram of y, with m, =m, =m,=m, =6
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FIGURE 7. The histrogram of y,. with m; =m, =m, =m, =6
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all three estimators are positively skewed. For a fixed m,
the unbiased estimator y,, exhibits the highest skewness and
kurtosis, indicating the heaviest right tail. The combined
ratio estimator y, has intermediate skewness and kurtosis,
while the separate ratio estimator y,, consistently shows
the lowest skewness and kurtosis among the three,
reflecting the most symmetric and light-tailed distribution.
These results suggest that the separate ratio estimator not
only achieves superior MSE performance but also has
more desirable distributional properties. For all estimators,
both skewness and kurtosis decrease as m;, increases from
3 to 8, indicating that the sampling distributions approach
symmetry with larger samples, consistent with asymptotic
normality.

CONCLUSION

This study proposed two ratio estimators for the population
mean under SIRS, namely the separate ratio estimator
Jrs and the combined ratio estimator y,.. Both estimators
exploit the correlation between the study variable and a
known auxiliary variable to improve estimation efficiency
over the conventional unbiased estimator y,,. Approximate
expressions for the bias and mean squared error of each
estimator were derived analytically using first-order Taylor
series expansions, and consistent sample-based MSE
estimators were constructed. Sufficient conditions under
which the proposed estimators achieve lower MSE than
unbiased estimator was also established.

The theoretical findings were validated through
a Monte Carlo simulation study comprising 50,000
replications. The results demonstrated that both proposed
estimators consistently outperformed the unbiased
estimator across all considered values of m,. From the
relative efficiency, the separate ratio estimator achieved
RE (77s) ranging from 1.586 to 2.089, while the combined
ratio estimator achieved RE(J,.) ranging from 1.353
to 1.563. These results indicate that the MSE of the
unbiased estimator is up to approximately 2.09 times
larger than that of the separate ratio estimator, confirming
its substantial efficiency advantage. Furthermore, both
relative efficiencies increased as m, decreased, indicating

that the efficiency gains of the proposed estimators are
most pronounced when the number of sampled interested
units per stratum is small - precisely the condition under
which SIRS is most relevant in practice. In addition, both
proposed estimators exhibited lower skewness, and kurtosis
compared to the unbiased estimator, with all measures
decreasing monotonically as m, increased, consistent with
the asymptotic properties implied by the large-sample
approximations.

The proposed methodology is directly applicable
to sample surveys involving rare populations, including
epidemiological studies of uncommon medical conditions,
ecological assessments of rare or endangered species,
and agricultural surveys of infrequently occurring crop
conditions. In such contexts, SIRS ensures adequate
representation of rare units, while the proposed ratio
estimators leverage auxiliary information to yield
substantially more precise estimates of the population
mean. Among the two proposed estimators, the separate
ratio estimator is recommended when stratum-level
auxiliary means are available and the stratum ratios are
heterogeneous, as it consistently achieves the greatest
efficiency gains. The combined ratio estimator serves as
a practical alternative when only the overall population
mean of the auxiliary variable is known.

Future research may pursue several promising
extensions. These include the development of optimal
allocation strategies for my;, across strata to minimize the
MSE of the proposed estimators subject to sampling cost
constraints and the generalization to regression and multi-
auxiliary ratio estimators under SIRS.
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